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Abstract-Horadam [l] has considered a generalized Fibonacci sequence 2~0, ‘~1, ~2,. . . defined by 
wo = a, wl = b and UJ,, = ~uI,,_~ - qw,,_-l, (n 1 2). In this note, we consider some special cases of 
the sequence ( utn). Some divisibility properties of the sequences ue presented. 
Horadam [l] has considered a generalized Fibonacci sequence (2~~) defined by 
w(J = a, WI = b, w, = pw,_l - qw,_z (n 2 2), (1) 
where p and q are arbitrary integers. Although the sequence (w,,) has been studied extensively 
for years, for example, as in [l-4], the divisibility between w,, and n appears to have not been 
considered before. This motivation results in the present short note. What we are interested 
in here is some special cases of the sequence (wn), namely, the following Fibonacci-like and 
Lucas-like sequences: 
S n = mS,_1+ Sn-2, so = 0, s1 = 1; (2) 
T,, = mT,_l + Tn-2, TO = 2, TI = m; (3) 
U, = V,_I + mUn-2, VI-J = 0, u1 = 1; (4) 
Vi = Vi-1 + ml%-2, vi = 2, VI = 1, (5) 
where m is a positive integer. 
By [l], the binet forms for the sequences (S,,), (T,), (Un) and (Vn) can be easily obtained as 
follows. 
s, = 
T, = 
u, = 
v, = 
,:+4{ (m+F)n- (m-y)n}; (6) 
(m+F)“+ (m-$GX)*; 
(7) 
J1:4m{ (“y-G)‘_ (1-dy)‘j; 
( 
1+di-qE “+ l-&F= n 
2 > ( > 2 * 
03) 
(9) 
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LEMMA 1. Given a sequence (V,), if m is a positive odd integer, then V, is even if and only if 
n E 0 (mod 3). 
The above lemma can be readily established by induction. Two observations made by 
Dr. G. E. Bergum, are as follows: 
(i) the sequence (S,, mod m) reduced modulo m is 0, 1,0, l,O, 1,. . . , which means that ml& 
iff 21n; 
(ii) by definition, the sequence U,, reduced modulo (m + 1) is 0, 1, l,O, -1, -l,O, 1, 1, . . . , so it 
implies that (m + l)IVn iff 3/n. 
Similarly, by definition, the sequence T, reduced modulo m is 2,0,2,0,. . . , thus it implies that 
mjT, iff n is odd. 
LEMMA 2. If m is an odd integer greater than 2, then T, z 0 (mod m2). 
PROOF. For reasons of convenience, let cr = (m + d-)/2, and p = (dm- m)/2, then 
it is easily checked that (Y - p = m, and Q x p = 1. Observe that 
Tm = am + (-p)” = (a - p) 2 crmBipi = m 
i=O ( 
(m-W2 
c (cP+p2i) + 1 
i=l 
Suppose that k is an integer greater than 1, then it is easily obtained that 
ok = m(yk-l + (ykm2, pk = m(-p)“-l + pkB2. 
Thus, we have the following two equations: 
ok q okB2 (mod m) s 1 (mod m), 
pk 3 pk-2 (mod m) E 1 (mod m). 
Therefore, 
(ms’2(a2i + pi) + 1 2 (?(1+ 1) + 1) (mod m) = 0 (mod m). 
i=l 
Thus T, E 0 (mod m2), completing the proof. 
THEOREM 1. Let k be a natural number, then TQk+r)m 
PROOF. Observe that 
T, = mT,_l + T,,-2 
= 2mT,_s + T,,_4 
E 0 (mod m2). 
= m2Ti-2m+l  Tn-2m- 
Thus, T, G Tn_2m (mod m2), and by Lemma 2, it follows that 
T(2k+l)m E Tm (mod m2) i 0 (mod m2), 
completing the proof of the theorem. I 
THEOREM 2. Ifm is an odd integer greater than 2, and k a natural number, then &?(2k+l)m is 
divisible by m2, n 1 1. 
PROOF. 
(9 
(ii) 
n = l, since S2(2k+l)m = S(2k+l)mT(2k+l)m, by Theorem 1, it follows that Ss(sk+r)m 
mod m2 = 0. 
suppose that the theorem holds for less than n, that is, S2~-1(2k+r)m mod m2 = 0, then 
S 2”(2k+l)m mod m2 = (S2”-1(2k+l)m T2n-y2k+l)m) mod m2 = 0, 
which completes the proof. I 
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LEMMA 3. Let m be an odd integer greater than 2, and n a positive integer, then Us, is divisible 
by (1 + 3m)(m + 1). 
PROOF. Consider the following, 
= 1+6m+p2+2m3Usn_a+ (1+ 3m)(m + 1) Gn_s 
2 
When n = 1, Us = (1 + 3m)(m + l), so the lemma holds for n = 1. Suppose that the lemma 
holds for less than n, that is, Us,,_6 is divisible by (1 + 3m)(m + 1). In fact, from Lemma 1, we 
know that Vs,,_s is even; also, when m is odd, 1 + 6m + 9m2 + 2m3 is even as well. Therefore, 
by the induction hypothesis, us, is divisible by (1 + 3m)(m + l), completing the proof. m 
THEOREM 3. Let m be an odd integer greater than 2, and n be a positive integer, then Usn is 
divisible by (1+ 3m)(m + 1)2k, if2” divides n. 
PROOF. 
(i) if n is odd, by Lemma 3, U 6n is divisible by (1 + 3m)(m + l), (Ic = 0). 
(ii) if n is even, then us” = Usn/21/6,,/2, by Lemma 1, V3, i3 even. 
Suppose that 2k-’ divides n/2, then by induction, us,,,, is divisible by (1 + 3m)(m + l)2k-1. 
Therefore, if 2’ divides n, us, is divisible by (1 + Sm)(m + 1)2k, completing the proof. I 
We now consider a special case of the sequence (S,), i.e., m = 2’q. We define 
b n = 2’qb,_l + bn_2, bo = 0, bl = 1, n > 1, (10) 
where c is a positive integer, and q is any positive odd integer. The general term b, can be 
written as 
b, = o(P? - P2n), n > 0, (11) 
where cr = (&@-77)-i/2, /3r = q2c-1 + d_, pz = q2c-’ - @5=X, 
LEMMA 4. Suppose that p and q are positive odd integers. Then bsp is exactly divisible by 2’. 
PROOF. Observe that bz,, = (@~+/3~)$. S ince p is odd, b, is odd. Now consider a factor & + p; 
of b2P as follows: 
,@ + p; = (q2c-1 + &F=Ti)’ + (q2+’ - &wFi)’ 
= & @(par-I)@ (&w=Gi)i+&-l)i(?)(q2+‘)p-~ (@FGi)i 
i=o i=O 
LPPJ 
=2x 
0 
pa (q2c-l)p-2’ 
i=O 2a 
(&m=q2’ 
lP/2J 
= 2’ z (2q) (q2c-1)P-2’-l(q222+2 + 1)’ 
LPDJ 
= 2c c a. 
i=O 
Note that p is odd. When p = 1, Re = 1; when p > 1 and c > 1, for any i from 0 to lp/2j - 1, 
& is even; but Rb,/s~ is odd. When p > 1 and c = 1, C,kfI (.$qP-2’-1(q2 + 1)’ is still odd, 
because Rl,...,R bl4are even, while & is odd. Therefore bzp contains exactly c factors of 2, 
completing the proof. 1 
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LEMMA 5. Suppose that p q are odd integers. Then bZkp is by 2’+‘-l. 
k 1, by Lemma 4, bzp is divisible by 2’, 
is exactly by 2 k+c-2. Now, 
of bp2k, = (p~k-‘p ,L?~k-lp )b2k-lp. One of 
fl,""-" + pi"-"P = (q2c-’ + J@=q) 
gk-1 
p + (q2c-l - d_) 
2k-l 
p 
)(q2C-‘)2k-1p-2’ (&W=qi)2’ 
)(q2c-‘)2*-~p-2’(9’22c-2 + 1)’ 
Zk-=p 
=2X&. 
i=o 
Note that p is odd. When c > 1, for any i from 0 to 2k-2p - 1, l& is even; but h$-ap is 
odd. When c = 1, RI,... , Rp2k-3 are even, but Ro is odd, i.e., ~~~~‘p fi is odd. Therefore, 
( 
py=p + p,““-‘P) mod 2 is odd. By the induction hypothesis, b2k-lp is exactly divisible by 
2k+c-2. Hence, b2kp is exactly divisible by 2k+c-1, completing the proof. I 
THEOREM 4. Given the sequence (b,) as defined above, then b2, is divisible by 2k+c if and only 
if n is divisible by 2k. 
PROOF. 
(i) If n mod 2k = 0, by Lemma 5, then b2,, mod 2k+c = 0. 
(ii) For the reverse, suppose that n mod 2k # 0, let k’ be the largest integer such that n mod 
2”’ = 0, then k’ < k, let n = 2k’p’, where pi is an odd integer. 
By applying Lemma 5 again, it follows that b2, is exactly divisible by 2k’+c, which contradicts 
that ban is exactly divisible by 2k+c. I 
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